The main idea of Wilson's renormalization group theory of critical phenomena is extended to the dynamical case. In the first place, a concept of dynamical fixed point is proposed. The dynamic scaling law is then derived from our new fixed-point hypothesis.
Recently, Wilson successfully applied the renormalization group theory to equilibrium critical phenomena. 1 l The renormalization group transformation in his theory means essentially the transformation of the effective hamiltonian through integrating out the short wavelength modes. If one attempts to extend Wilson's theory to cover the dynamic critical phenomena, one has :first to :find the quantity which plays the same kind of roles as the effective hamiltonian does in the equilibrium case. In the present paper, one will :find that such a quantity is the operator D which governs the time-evolution of the probability distribution P through the master equation 
at (1·1)
In fact, it will turn out that Wilson's fixed-point hypothesis 1 l is replaced by a more general one which states that the quantity tD is invariant under the new kind of renormalization group . transformation at the critical point. Then the dynamic scaling law 2 l will naturally be derived. Since the probability distribution should be reduced to the equilibrium one for t = =, the quantity D governs the equilibrium as well as the nonequilibrium behavior, thus playing more general roles than the effective hamiltonian. Owing to such a general property of D, Wilson's :fixed-point hypothesis results from ours by taking the limit t-'>=. Hence, both the static 3 l and the dynamic scaling laws 2 l are yielded from our single hypothesis.
*> A part of this work was performed at Hiroshima University. Our second task in this paper is to find the formula with which one is able to renormalize the master equation by eliminating the short wavelength modes.
As is inferred, the procedure for finding the renormalized operator fJ from D is not so simple as the renormalization of the effective hamiltonian. The renormalized evolution equation of P has in general a memory effect even if the original equation has a Markoffian form. In the present paper, however, we shall restrict ourselves to the case in which the memory effects are neglected at every step of successive renormalization. The generalization of the fixed-point hypothesis mentioned above will also be made within such a limitation. It is possible to remove the Markoffian assumption. Then, however, the theory would become much more complicated, which does not seem very fruitful at such an early stage of our understanding in this region as present.
As an illustration of our general consideration developed in § § 2, 3 and 4, the dynamic critical exponents for a purely dissipative spin system will be calculated in § 5. The calculations are made by using the recursion formula for D obtained perturbatively in s=4-d, 4 l where d is the dimension. To order S 2 , our results agree with those of Halperin, Hohenberg and Ma 6 l whose theory is based on the time-dependent Ginzburg-Landau (TDGL) equation 6 l at the fixed point. According to the method employed in this paper, the TDGL equation in terms of the fixed-point hamiltonian cannot generally be the fixed-point kinetic equation. This comes from the fact that, if we restrict our concern to purely dissipative systems, the renormalization of the kinetic equation cannot be attained simply through the renormalization of the effective hamiltonian and that there is another dynamical effect that the correlations between the new random forces generated as a result of eliminating the short wavelength modes give the additional damping terms; these terms have dependence on the order parameter and hence give rise to deviation from the TDGL equation. To order e 3 or higher, the calculations through the recursion formula are too complicated to perform. Thus, it seems necessary to find other methods, e.g., the Feynman graph expansion7l of the dynamic critical exponents. However, we have not yet fully succeeded in this and shall not discuss this problem in the present paper. § 2. Several concepts and notations
The system we shall consider is a d-dimensional classical system whose microscopic state is assumed to be completely specified by giving the values of the real dynamical variables rp (r) at all the points r in space. For the sake of simplicity, the quantity rp is assumed scalar throughout; the removal of this restriction does not essentially affect the whole theory. 
where iJ represents the delta-function and the product is taken over all i satisfying I qil <exp (-s). This quantity will frequently be used later.
The normalized probability that {¢; s} take on the values {¢; s} at time t, respectively, is denoted as P(¢, t; s). It is often assumed that the initial distribution p (¢, 0) for the full variables {¢} takes the form
where p (¢) is the normalized equilibrium distribution function for {¢}. This assumption is permitted as far as the dynamical behavior of the fluctuations of {¢; s} in an aged system is concerned. Then, the probability distribution at time t becomes 8 
and the evolution equation for P is 
Multiplying this equation by G(¢; s)d¢ and integrating over d¢,
1s obtained. Di~erentiations of Eqs. (2 ·13) and (2 ·14) with respect to t give
and
respectively. From Eqs. (2 ·14) and (2 · 7), we get
Let us now recapitulate several points of Wilson's renormalization group theory 1 l• 10 l in the form appropriate for later arguments. In terms of the stationary distribution, the effective hamiltonian !}{(O) for {¢; 0} is defined as
The effective hamiltonian !}{(s) for {¢; s} can in principle be obtained from !}{ (0) by integrating out the modes with wavelengths lying between 0 and s. we represent this renormalization procedure by R (s) and write
!}{(s) =R(s)!}{(O). (2 ·19)
It is more convenient to work with the scaled hamiltonian St. than with !}{(s). The scaled hamiltonian is defined as
St.= T(s) §C(s). (2·20) Here T(s)
is the operator which changes the representation of a function of {q}, {¢ 9 } and t by the use of the scaled quantities:
where r; is the usual notation of the critical exponent associated with the pair correlation function. The scale transformation of time does not play any role for the equilibrium case. In Eq. (2·20) and henceforth, the equation of the typef2(q,¢ 9 ,t) = T(s)fl (q, ¢ 9 , t) should be read as f2(q, ¢ 9 , 
t) =[T(s)fl (q, ¢ 9 , t) ]q',<f>'q'•v-q,<f>q,t· From Eqs. (2·19) and (2·20), where

Q(s) = T(s)R(s).
According to Wilson/l one has at the critical point •~o
In terms of G, one may write and hence
ds
The fixed-point hamiltonian obviously satisfies
The static scaling law 8 l can be derived from the fixed-point hypothesis above. § 3. Extension of the fixed point concept
As is implied by Eq. (2 ·17), all the dynamical behavior of the fluctuations of an arbitrary function of {¢: s} is governed by the stochastic operator A(¢; s) or, equivalently, by the master operator D(¢; s). By analogy with the equilibrium case, we expect, therefore, that the study on how D or A changes with s near the critical point provides us with a unified viewpoint of the dynamic critical phenomena.
Suppose that one constructed D (¢; s) from D (¢; 0) through a certain renormalization procedure the details of which will be explained in the next section. Then, correspondingly to Eq. (2 ·19), one writes
Different mathematical procedures are repre~ented by the same symbol R (s) in Eqs. (2 ·19) and (3 ·1), which, however, will not cause any confusion. Let us introduce the scaled operator f5, by
In terms of G, one finds then 
-P,(¢, t) =D,P,(¢, t)
.
This equation clearly shows that the scaled probability distributions for different s behave identically at the critical point. Let us show that Wilson's fixed-point hypothesis is a direct consequence from Eq. (3 ·10). For t-oo, Eq. (3 ·8) becomes 
where Ao is the leading eigenvalue and the quantity Aa IS independent of s and where the last term IS a very small quantity, and it is known that 
(3·27) which we had to prove. Now we consider two quantities:
where all the wave numbers are assumed to satisfy
Introduce the normalized relaxation function for these quantities:
E(qr, q2, · · · qm, t) = <Gr (t) · G2)/ <Gr · G2) . We have an arbitrariness in choosing s for the calculation of the above integraL It is appropriate to take s as exp(s) =cr exp(so(T)), As usual we define the characteristic frequency .Q by
Then, .Q should be of the form 
E(q1, q2, ··· qm, t) =E(exp(s)ql, exp(s)q2, ··· exp(s)qm, exp( -sz)t). (3·38)
The right-hand side of this equation should be independent of s, so we put, e. 
P(¢, t; s1) =P(¢, t), D(¢; s2) =D(¢),
A(¢;s2)=A(¢), P(¢, t; s2) =P(¢, t),
(4·1) (4·2) (4·3) P(¢; s1) =P(¢), P(¢; s2) =P(¢), o •• C¢-¢) =oC¢-¢), o.,C¢-¢) ='tC¢-¢),
R,,(t) =R(t),
F., (t) = F(t),
R,,(t) =R(t),
F., (t) = F(t).
(4·4)
For our purposes, it is necessary to make use of Zwanzig's projection operator P 11 > which projects an arbitrary function of {¢} onto the subspace spanned by {¢; s2}:
PG(¢) =P(¢)-1 f dxp(x)G(x)B(x-¢).
We summarize here several important properties of P:
PP=P,
Let us now rewrite Eq. (2 · 5) by substituting s2 for s:
at at
Rewrite also Eq. (2·16) for s=s1 by substituting B(¢(t) -¢) for G(cj;(t);s):
_Q__B(¢(t) -¢) =exp[tA(¢)]A(¢)B(¢ -¢)
at +R(t) + S d¢'fdr{exp[(t-r)A(¢ ')]A(¢')B(¢'-¢)}F(r ).
This expression is inserted into Eq. ( 4 ·12), yielding 
which can easily be proved by consideration of its Laplace transform, Eq. ( 4 ·14) is rewritten as where we have used Eqs. ( 4 ·10) and ( 4 ·11). In order to rewrite the integrands above, define the operators fl) 1 (¢) and g)2(¢, r) by (4 ·17) and
In fact, it is possible to show that these operators exist and that they can be expressed in terms of the functions of {¢; s2} and the differential operators of the form (8 /8¢q,) (8 /8¢q,) · · ·, where I q1l, I q2l, · · · < exp (-s2). The proof is lengthy but easy, and hence omitted here; it will be sufficient only to remark here that one has to use the following facts for this proof:
(1) The definition of the projection operator ( 4 · 8) is alternatively expressed as 
8¢q 8¢q
In terms of fl) 1 and fl) 2, Eq. ( 4 ·16) now becomes
On the other hand, substituting ~ (¢ (t)-¢) and A(¢) for G (¢ (t); s) and A(¢; s)
in Eq. (2 ·14), respectively, we get
Inserting this expression into the integrands in Eq. So far, we have developed the general formulation. As an example we calculate in this section the dynamic critical exponents of a purely dissipative spin system. The dynamical behavior of such a system is often conveniently described by the TDGL model. 5 
The operator D given above is the generalized Fokker-Planck operator 9 >• 10 > appropriate for a purely dissipative system. Apparently, the corresponding master equation admits the stationary solution P(¢) which is the equilibrium distribution. The adjoint operator takes the form
The explicit forms of P(¢) and hence of !}{(¢) at the fixed point are obtained from Wilson and Fisher's theory. 4 > They are where
Thus, the unknown parameters in D are only those appearing m r qq'· Suppose that one puts rqq'=TIJ(q-q'). It is easy to see that this approximation leads to the TDGL equation for the case of non-conserved order parameter. 5 > The TDGL equation, therefore, has no parameters to be determined from our generalized fixed-point condition; the kinetic equation is simply described in terms of the effective hamiltonian. We shall not employ the TDGL equation, but put
where Aqq' includes only the ¢-dependent part. From the translational and the inversion symmetries of the system, Aqq' should be of the form The consistency of these assumptions can of course be checked later. We have now to calculate the two quantities corresponding to ( 4 ·17) and ( 4 ·18). After several manipulations, one finds
Jq Jq, a¢q
where 1 s -
Equation ( 
Here we have assumed that x is of order e 2 , which will turn out to be consistent. The above equations can be solved, giving and where i, j= 1, 2, 3, 4, q4=-q1-q2-qs+ q-q',
and the symbol J )il indicates integral over all the 4-dimensional k-space. The integral J can be calculated exactly, and we obtain finally Obviously Aqq' is of order u 2~E 2 • Therefore, the TDGL equation in terms of the fixed-point hamiltonian is incorrect in order e 2 ; the method employed by Halperin, Hohenberg and Ma 6 l gives the correct value of the exponent at least to order e 2 since they used the fixed-point kinetic equation which is correct to order e. Generally speaking, however, a theory will be insufficient if it does not involve the I?rocedure through which the unknown parameters are determined as a function of f from the dynamical consideration. Quite recently, several attempts to extend the TDGL approach appeared. 16 l However, we have not yet clarified the relation among these theories and ours. The calculations for the cases when the order parameter is a conserved quantity, i.e., T=q 2 and when the order parameter is a vector of an arbitrary dimension are quite parallel to those given above; we have confirmed that Halperin, Hohenberg and Ma's results 5 l are correct for these cases at least to order e 2 • In particular, when the order parameter is conserved, the quantities v 2 and v 4 are of fourth order in the wave number; hence they do not contribute to the renormalization of the kinetic coefficient T in order l, giving the conventional result z=4-r;. § 6. Short summary and remarks
We have seen in this work how Wilson's idea 1 l can be generalized to the dynamic critical phenomena. Our crucial hypothesis is the existence of the fixedpoint in the dynamical sense. Once this hypothesis is recognized, then the dynamic scaling law 2 l is naturally derived. The existence of the stationary solution of the master equation consistent with the equilibrium distribution ensures that our hypothesis is consistent with Wilson's fixed-point hypothesis. 1 l We have also found the formula for renormalizing the master equation by eliminating the partial degrees of freedom. This formula is quite general in the sense that one may renormalize the kinetic equations for a variety of quantities by means of our formula. Finally, our theory has been applied to the dynamic critical behavior of a purely dissipative spin system for which the renormalization of the master equation through the perturbation in e is meaningful. Admittedly, the general formulation developed in § § 2~4 does not rely on the existence of appropriate expansion parameters. For the isotropic Heisenberg model, for instance, successive renormalization would have to be done self-consistently and not perturbationary. In such a case, our theory will still be useful, and it may be possible to clarify the nature of the approximations used in other theories, e.g., the mode-mode coupling theory. 12 J, lBJ 
